Quantum walk of a Bose-Einstein condensate in the Brillouin zone by Alberti, Andrea & Wimberger, Sandro
Quantum walk of a Bose-Einstein condensate in the Brillouin zone
Andrea Alberti1, ∗ and Sandro Wimberger2, 3, 4, †
1Institut für Angewandte Physik, Universität Bonn, Wegelerstraße 8, 53115 Bonn, Germany
2Dipartimento di Scienze Matematiche, Fisiche e Informatiche,
Università di Parma, Parco Area delle Scienze n. 7/a, 43124 Parma, Italy
3INFN, Sezione di Milano Bicocca, Gruppo Collegato di Parma, Parma, Italy
4ITP, Heidelberg University, Philosophenweg 12, 69120 Heidelberg, Germany
(Dated: July 26, 2017)
We propose a realistic scheme to implement discrete-time quantum walks in the Brillouin zone
(i.e., in quasimomentum space) with a spinor Bose-Einstein condensate. Relying on a static optical
lattice to suppress tunneling in real space, the condensate is displaced in quasimomentum space in
discrete steps conditioned upon the internal state of the atoms, while short pulses periodically couple
the internal states. We show that tunable twisted boundary conditions can be implemented in a
fully natural way by exploiting the periodicity of the Brillouin zone. The proposed setup does not
suffer from off-resonant scattering of photons and could allow a robust implementation of quantum
walks with several tens of steps at least. In addition, onsite atom-atom interactions can be used to
simulate interactions with infinitely long range in the Brillouin zone.
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I. INTRODUCTION
Quantum walks form one of the possible bases for uni-
versal quantum computing [1], for simulating topolog-
ical phases [2, 3], for engineering quantum algorithms
[4, 5], and have been considered as a possible mechanism
explaining the efficient energy transfer in biomolecular
clusters [6]. Moreover, the crossover between classical
and quantum motion in the presence of decoherence can
be optimally studied in quantum walks [4, 7–9] for the
reason that the characteristic features of a quantum walk
are based on sensitive quantum interference [10].
Inspired by the experimental implementation of quan-
tum walks with trapped neutral atoms [11, 12], in partic-
ular by the experiments carried out by the Bonn group
[7, 11, 13, 14], we propose a novel realization of discrete-
time quantum walks in the reciprocal space of a periodic
optical lattice. Today, it is fairly standard to prepare a
Bose-Einstein condensate (BEC) with a vanishing ther-
mal fraction and with a well-defined momentum. Once
loaded into an optical lattice, such a BEC exhibits a very
narrow quasimomentum distribution, which can reach
down to one percent of the Brillouin zone [15]. In this pa-
per, we propose to delocalize the BEC in a controlled way
through discrete steps in the reciprocal space of the lat-
tice. Our scheme realizes a discrete-time quantum walk
in quasimomentum space, despite the fact that the mo-
tion of atoms in real space is nearly frozen by a deep
optical lattice potential: For that purpose, two internal
states of the atoms are employed, which determine the
step direction of the BEC in reciprocal space and which
are coherently mixed at periodic intervals to realize the
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so-called coin operation. As a consequence, the internal
states become entangled with the different quasimomen-
tum states of the BEC, which play here the role of the
walker’s position states. Like in the Bonn experiments,
the internal degree of freedom can be realized through
two hyperfine levels of alkaline atoms, forming a pseudo-
spin-1/2 system. In this work, however, we suggest to
encode the position of the walker in quasimomentum in-
stead of position space. Figure 1 presents a sketch of the
state-dependent shift in a lattice that we envisage. This
idea differs from a recent proposal based on a quantum
ratchet [9, 16], where a discrete-time quantum walk is
realized in true momentum space by a δ-kicked optical
lattice, which leaves quasimomentum unchanged.
Embedding the quantum walk in quasimomentum in-
stead of true momentum space opens new possibilities
for investigating interaction-induced effects on the walk
[17] and novel applications for matter-wave interferome-
try requiring high spatial densities. Provided that it is
sufficiently deep, the lattice effectively freezes tunneling
between lattice sites, thereby ensuring that the original
spatial distribution remains invariant for the whole quan-
tum walk evolution. This implementation of quantum
walks opens interesting avenues for future exploration of
strongly correlated systems with long-range interactions,
which are expected to occur in the reciprocal space (i.e.,
the effective space for the quantum walk) as a result of
localized on-site interactions among ultracold atoms [18].
Moreover, we expect that our suggestion of quantum
walks in the Brillouin zone can be implemented with tech-
nology presently available in state-of-the-art BEC appa-
ratuses.
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FIG. 1. Sketch of the proposed experiment for the realization
of quantum walks in the Brillouin zone. A state-dependent
force shifts the atoms to the left or to the right depending
on the internal state (sketched by the two arrows). The two
internal states of the atoms are coherently coupled by short
pulses to realize the coin-toss operation at constant time in-
tervals. The curve represents the energy dispersion relation
E(k) of the populated band.
II. QUANTUM WALKS IN QUASIMOMENTUM
SPACE
A. Physical model without interactions
We are interested in atoms prepared in a static optical
lattice and subject to a state-dependent force F , which
displaces quasimomentum in opposite directions for the
two internal states, as shown in Fig. 1. The motion of an
effective two-level atom is then described by the spinor
Hamiltonian
H = − ~
2
2M
∂2
∂x2
+ V sin2
(
pix
dL
)
− (x− x¯)Fσz , (1)
where x is the center-of-mass coordinate of the atom, x¯
is a fixed parameter defining the point where the Zeeman
potential vanishes, σz is the Pauli matrix acting on the
spinor ~ψ(x) = {ψ1(x), ψ2(x)}, andM is the atomic mass.
The optical lattice has a lattice constant dL and an ampli-
tude V . We here neglect atom-atom interactions, which
will be discussed subsequently in a mean-field approach
for weak nonlinearities.
The application of H for a certain time τ realizes the
state-dependent shift operation of a discrete-time quan-
tum walk on a line [10],
Ushift = exp(−iHτ/~) ≈∑
k
(
eiφ+(k) |k + ∆k〉〈k| 0
0 eiφ−(k) |k −∆k〉〈k|
)
, (2)
where k is the quasimomentum of the atom, ∆k = F τ/~
is the step size in the Brillouin zone, and φ±(k) are Peierls
phases, which take into account both dynamical and ge-
ometrical phase contributions. The expression on the
right-hand side of Eq. (2) relies on the assumption that
the atoms populate initially only one single band (typi-
cally the lowest band), and that Landau-Zener tunneling
[19, 20] to higher bands can be neglected. The latter con-
dition is very well fulfilled for sufficiently deep lattices or
small forces [21]. Note that the operator Ushift, instead
of displacing the state in position space by a discrete
amount of lattice sites such as in Refs. [11, 13, 14], dis-
places the quasimomentum state |k〉 in the Brillouin zone
by a fixed amount, which is determined by ∆k, in a direc-
tion conditioned upon the internal state. Using quasimo-
mentum space to implement the discrete-time quantum
walk has two advantages: (1) the step size can be arbi-
trarily tuned by choosing the force F and the duration
τ ; (2) most importantly, periodical boundary conditions
are naturally realized by quasimomentum k in the Bril-
louin zone, provided that the latter contains an integer
number n of sites, n∆k = 2pi/dL.
The coin-toss operation couples the two internal states
through a Rabi-oscillation dynamics, and is repeatedly
applied after a fixed period τ . It realizes the following
beam-splitter unitary transformation acting on ~ψ,
Ucoin =
(
cos(α/2) i sin(α/2)
i sin(α/2) cos(α/2)
)
, (3)
where α represents the coin angle [10]; the symmetric 50-
50 beam splitter is realized for α = pi/2, corresponding
to the Hadamard quantum walk. Such a unitary trans-
formation is specified in the rotating frame of the drive,
where the two hyperfine states of an alkali atom are de-
generate in energy, and can be readily implemented with
microwave pulses [11, 13, 14, 22] or with two-photon Ra-
man pulses [23, 24]. These pulses can be applied very
rapidly, on the time scale of microseconds for microwaves,
as shown in Refs. [11, 14], and in an even shorter time
for optical Raman transitions [24]. In the following, we
assume that the coin pulses act ‘instantaneously’ on the
time scale of the evolution of the period τ and uniformly
for all positions x over which the BEC extends, or, al-
ternatively, that the force is switched off while the two
internal states are coupled. In either case, the time-
evolved state after j steps of the quantum walk is equal
to ~ψj = W ~ψj−1, with W = UshiftUcoin being the walk
operator of the single step.
B. Peierls phases and twisted boundary conditions
The Peierls phases φ±(k) are the sum of two contribu-
tions, a dynamical φD±(k) and a geometrical φG±(k) one:
φD±(k) = ∓
F x¯τ
~
∓
∫ ±∆k
0
dk′ E(k + k′)/~ , (4)
φG±(k) =
∫ ±∆k
0
dk′ A(k + k′) , (5)
where E(k) and A(k) are the energy dispersion relation
and the Berry-Zak connection [25, 26] of the occupied
3band, respectively. To begin with, we confine ourselves
to a subregion of sites strictly within the Brillouin zone
(−pi/dL, pi/dL], thus excluding that the walker can reach
the band edge and wind around the Brillouin zone. With
this constraint, the Peierls phases of the one-dimensional
walk operator W can be removed through a gauge trans-
formation when (and only when) the condition
φ+(k) + φ−(k + ∆k) = 2γ (6)
is fulfilled [27], with γ being a constant term whose only
effect is shifting by that amount the global phase of the
quantum state after each step. Peierls phases that can
be gauged away have no bearing on observable quan-
tities defined locally in the Brillouin zone such as the
probability density (assuming that these phases are main-
tained static). The condition in Eq. (6) is directly ful-
filled by the geometrical phases in Eq. (5) and by the
first term of Eq. (4), but is not by the second term of
Eq. (4). Hence, confined to a subregion of the Brillouin
zone, we can neglect the contribution from the geomet-
rical phases as well as that from the dynamical Zeeman
phase, but we cannot a priori discard the one originat-
ing from the energy dispersion E(k). The energy band’s
width, however, decreases exponentially with the lattice
depth V , and the energy band becomes nearly flat for
lattice depths of the order of a few tens of recoil ener-
gies, ER = (pi~)2/(2MdL). In this limit, the dynamical
phases approximately meet the condition in Eq. (6) be-
cause they reduce to a constant value, which does not
depend on k nor on the internal state, and can therefore
be neglected. Figure 2 shows that neglecting the dynam-
ical phases originating from E(k) is a very good approx-
imation for deep lattices: for example, for V > 40ER,
the discrepancy between the evolved quantum state af-
ter j = 2000 steps and that of a discrete-time quantum
walk with vanishing Peierls phase results in an infidelity
of 1− F < 10−5 [28].
Although Peierls phases can be ignored in a subregion
of the Brillouin zone when the condition in Eq. (6) is met,
these can play an important role if the walker is allowed
to wind around the Brillouin zone. In fact, a global gauge
canceling all Peierls phases on the entire Brillouin zone
exists only [27] when the phase
ϕ =
∑
k
φ+(k) ≈ −n∆k x¯+
∫ pi/dL
−pi/dL
dk A(k) (7)
is an integer multiple of 2pi, with the discrete sum be-
ing taken over all n sites in the Brillouin zone. In the
the right-hand-side expression, we neglect the dynami-
cal phases originating from energy dispersion since we
assume a sufficiently deep lattice, see Fig. 2. The quan-
tity ϕ defines the twist phase of twisted boundary condi-
tions [26],
〈k + 2pi/dL| ~ψ〉 = eiϕ 〈k| ~ψ〉 . (8)
Twisted boundary conditions are an important instru-
ment in theory to characterize topological phases of
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FIG. 2. (In)fidelity computed as a function of the lattice
depth V for a discrete-time quantum walk in reciprocal space
with 20 sites, for a different number of steps j. To compute
the fidelity [28], a reference walk with vanishing dynamical
phases, φD±(k) = 0, is considered. Here, the Zeeman force is
set to F = 0.2ER/dL, and periodical boundary conditions are
considered with x¯ = 0.
many-body systems [26], and are generally believed to
be difficult to implement in nature [29–31]. Physically,
a quantum walk with twisted boundary condition simu-
lates a particle with charge Q moving on a ring lattice
that is threaded by a magnetic flux ~ϕ/Q. In this situ-
ation, persistent currents are predicted to appear even if
no electric field is applied [32, 33], provided that no other
relaxation mechanism (e.g., decoherence) is present.
Superlattices such as those demonstrated in Refs. [34–
36] allow one to fine tune the twist phase ϕ through the
Berry-Zak phase [25], φZak =
∫
dk A(k), which is deter-
mined by the relative displacement between two commen-
surate optical standing waves. For the simple lattice po-
tential considered in Eq. (1), the Berry-Zak phase is triv-
ially zero. However, this is not a limitation since twisted
boundary conditions can also be realized by controlling
x¯ in Eq. (1), where in this case ϕ = 2pi x¯/dL. Controlling
x¯ might be more convenient to be realized with an ex-
isting BEC experimental apparatus than controlling the
Berry-Zak phase through a superlattice potential.
C. Experimental protocol
The full experimental protocol to realize discrete-time
quantum walks in the Brillouin zone is illustrated in
Fig. 3(a) and proceeds as follows: (1) The condensate is
first prepared in the ground state of a shallow harmonic
trap, in one of the two internal states. (2) It is then al-
lowed to freely expand in a horizontal waveguide poten-
tial [37] for a certain time, before the harmonic potential
is again turned on for a short transient time; during this
transient time the momentum spread is significantly re-
duced according to the principle of delta-kick cooling [37–
40]. (3) Subsequently, the condensate is loaded adiabati-
4cally into the optical lattice and nearly simultaneously a
Zeeman force F is turned on; the duration of this process,
in which the lattice potential and the force are ramped
up, is chosen such that the quasimomentum sweeps once
the Brillouin zone, thus performing a full Bloch oscilla-
tion. (4) The internal state is then prepared in the de-
sired initial superposition of the two internal states by ap-
plying a suitable coin pulse. (5) The discrete-time quan-
tum walk is performed by Ushift, which shifts the atoms in
the Brillouin zone in a direction conditioned upon their
internal state , and by applying at periodic time inter-
vals the coin pulse Ucoin, which mixes the internal states.
(6) To read out the final quasimomentum distribution of
the atoms, which is the effective quantum-walk position
distribution, the quasimomentum distribution is mapped
onto a momentum distribution by switching off the force
and the lattice adiabatically; the switch-off time of the
Zeeman force is chosen such that the quasimomentum
performs an additional full Bloch oscillation. (7) Finally,
to detect the momentum distribution with high resolu-
tion, which is required to resolve the small separation ∆k
between two sites of the quantum walk in the Brillouin
zone, the atoms are let evolve for a quarter of a period
in the shallow harmonic trap [41]. This operation maps
in a finite time the momentum distribution onto a posi-
tion distribution, which can then be readily measured by
standard absorption imaging [42–47].
We note that variations to the proposed scheme are
also conceivable: Atoms could be loaded into a verti-
cal optical lattices. The vertical orientation would have
the advantage of not requiring a horizontal waveguide
potential [37] to support the atoms against gravity. In
this case, however, one should keep track of the state-
independent shift of quasimomentum caused by the grav-
ity force, which adds on top of the spin-dependent shift
produced by the Zeeman force. Further, in the pres-
ence of repulsive atom-atom interactions, which broaden
the initial spatial distribution of the BEC [15] and corre-
spondingly shrink the initial momentum distribution (see
also Sec. IV), the delta-kick-cooling procedure may even
not be required to resolve several lattice sites in quasi-
momentum space.
To study the behavior of the quantum walker under
realistic experimental conditions, we numerically inte-
grate the time-dependent Schrödinger equation bythe
split-step finite-difference propagation method [49], as-
suming the following parameters of the optical lattice:
dL = 532 nm and V0 ≡ V/ER = 20, with the recoil en-
ergy ER = (~kR)2/2M for kR = pi/dL. For 87Rb atoms,
these lattice parameters result in a nearly photon negli-
gible scattering rate of 0.015 s−1.We adopt rescaled units
for quasimomentum k and time t by defining k0 ≡ k/kR
and t0 ≡ ER t/~, respectively. In the rescaled units, the
Zeeman force and the step size in the Brillouin zone read
F0 ≡ FdL/ER and ∆k0 ≡ ∆k/kR = F0 τ0/pi, respec-
tively, with τ0 ≡ ER τ/~. For our simulations, we choose
F0 = 0.2, which is in the typical range of previous exper-
iments [20, 43–47, 50, 51], and a longitudinal trap fre-
quency ωx = 2pi×10 Hz, which is applied in the prepara-
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FIG. 3. (a) Sketch of the experimental protocol to real-
ize discrete-time quantum walks in the Brillouin zone. The
curves show in relative units the lattice depth V , the force
F , the harmonic trap frequency ωx, and the number of Bloch
oscillations as a function of time (the initial parameters are
provided in the main text). Circled numbers refer to (1)
preparation phase in a shallow harmonic trap, (2) free ex-
pansion followed by delta-kick cooling, (3) ramp up of lattice
and force, (4) pulse preparing internal state, (5) discrete-time
quantum walk, (6) ramp down of lattice and force, and (7)
Fourier-optics mapping from momentum to position space.
(b) (Quasi)momentum distribution normalized to unity after
10 steps of the walk in the reciprocal space. The distribution
is obtained by integrating numerically the Schrödinger equa-
tion, and displayed at the end of the ramp-down phase (6).
The underlying gray bars show the theoretical prediction [10].
In the simulation, coin pulses are applied instantaneously.
The temporal evolution of both spatial and momentum dis-
tribution is provided in the Supplemental Material [48].
tion stage. Moreover, in order to accommodate the entire
quantum walk within the first Brillouin zone, we choose
the duration of a step (and thus the step size ∆k0) such
that j∆k0 = 2j/n equals one, with j being the number
of steps. Our numerical simulations are based on 87Rb
atoms. However, the choice of the atomic species and
other details of the implementation are not crucial, as
long as the parameters remain comparable in the rescaled
units, which are marked in the text with the subscript
index 0. The results of the numerical simulations of the
foregoing protocol are shown in Fig. 3(b) for j = 10 steps
of a Hadamard quantum walk, with the initial internal
state chosen in a symmetric superposition. The numer-
ical results show an excellent agreement with the the-
ory of discrete-time quantum walks [10]; this is even the
case for lattice depths as low as V0 = 2 (not shown in
the figure), provided that dynamical phases φD±(k) are
taken into account in the theoretical model. For even
shallower lattices, the agreement degrades since the con-
dition V0 
√
32F0/pi2 for no Landau-Zener tunneling
is not fulfilled [21].
5Moreover, the numerical simulations show that the
quasimomentum distribution is insensitive to x¯ provided
that quasimomentum remains confined within the first
Brillouin zone, j ≤ n/2. Further numerical simulations
carried out with j > n/2 and x¯ 6= 0 also exhibit a perfect
agreement (not shown in the figure) with the theoreti-
cal model of discrete-time quantum walks, corrected to
included twisted boundary conditions with twist phase
ϕ = 2pi x¯/dL.
A crucial condition for future experiments investigat-
ing long-range atom-atom interactions beyond the mean-
field regime is that the atom density in real space is suf-
ficiently high, and that it remains constant during the
entire quantum-walk sequence. These two conditions are
fulfilled in our setup where tunneling of matter waves is
frozen for sufficiently deep lattice potentials, V0 & 20.
The animation provided as Supplemental Material [48]
shows for V0 = 20 that the probability distribution in
position space remains unaffected during the quantum
walk.
D. Implementation of the Zeeman force
A force acting on the atoms can be realized exper-
imentally by gravity [52–54], accelerating the standing
wave [20, 43–47, 50, 51], state-dependent optical poten-
tials [9, 55–57] or magnetic field gradients [58–60]. Since
gravity and lattice accelerations exert equal forces for
both spin states, they are not suited for our purpose here.
State-dependent optical potentials do instead discrim-
inate the Zeeman magnetic levels of the atom because
they act as an effective magnetic field whose strength de-
pends on the polarization ellipticity [55]. Thus, an extra
light field superimposed to the optical lattice, which ex-
hibits a polarization gradient from right- to left-handed
circular polarization, can be employed to realize the Zee-
man force in Eq. (1). Such optical potentials can be
switched on and off on the time scale of microseconds,
thus allowing one to apply the coin operation while the
external degree of freedom does not evolve; motional ex-
citations produced by the instantaneous switching of the
Zeeman force are suppressed when the coin duration is
much shorter than the energy band gap ≈ piτ0/
√
V0,
which can be realized using fast coin pulses. However,
state-dependent optical potentials require the laser wave-
length to be tuned sufficiently close to an atomic reso-
nance in order to resolve the intrinsic spin-orbit interac-
tion in the excited states of the atom, which is the mech-
anism underlying their state-dependent action [61, 62];
to mitigate the effects of off-resonant scattering of pho-
tons, which is a possible source of decoherence [7], among
alkali atoms, heavier ones are more favorable because of
their stronger intrinsic spin-orbit coupling.
As an alternative to state-dependent optical potentials,
magnetic field gradients can also be used to produce Zee-
man forces directed in opposite directions for the two
hyperfine states. The use of magnetic field gradients has
the advantage that a only single light field, namely that of
the optical lattice, is required to perform quantum walks,
and that its wavelength can be very far detuned from any
atomic resonance, resulting in a very little off-resonant
scattering of photons. The downside is that they cannot
be switched on and off rapidly. For our proposal, how-
ever, it is sufficient to switch on and off the force at the
beginning and the end of the walk, as shown in Fig. 3,
provided that the duration of the coin toss is much faster
than the duration τ of the state-dependent shift. This
is certainly doable by choosing a long τ of the order of
100 µs as compared to the duration of a microwave pulse,
which can be as short as just a few microseconds [11, 14].
To use a constant Zeeman force, however, one must
also ensure that the pulses act resonantly (i.e., uniformly)
for all sites over which the BEC extends despite the spa-
tially dependent detuning caused by the magnetic field
gradient. We estimate this detuning across the BEC as
follows: The number n of sites in the Brillouin zone de-
pends on the separation ∆k between two adjacent sites,
n = 2pi/(dL∆k); in order to resolve n sites in the re-
ciprocal space, the BEC must extend in real space, at
least, over a number of optical-lattice sites of the same
order n, meaning that the frequency detuning caused
by the Zeeman force across the BEC is of the order of
F ndL/~ = 2pi/τ . Hence, pulses much shorter than τ
do not resolve such detuning and act resonantly over the
whole extent of the BEC.
We also note that short pulses, lasting just a few mi-
croseconds, could excite higher bands of the lattice since
they are spectrally broad and do not resolve the small
energy gaps separating the optical lattice bands. To cir-
cumvent this problem, momentum transfer during pulses
must be suppressed, either by using microwave radiation
or by using copropagating Raman laser beams. However,
suppressing momentum transfer does not suffice alone to
prevent excitation of higher bands. The Zeeman force, in
fact, distorts the two optical-lattice potentials trapping
the two internal states in a different manner, resulting in
a nonvanishing coupling between Bloch eigenstates be-
longing to different bands [63, 64]. For sufficiently deep
lattices, the effect of the Zeeman distortion is chiefly a
state-dependent shift of the trap minimum, which we es-
timate, by approximating the lattice potential with a
harmonic trap, to be about F0/(pi2U0) in units of dL.
Using numerical integration of the Schrödinger equation,
we confirm the validity of this simple estimate; more-
over, we compute by way of example for V0 = 20 the
overlap integral after adiabatically switching on the Zee-
man force between two Bloch eigenstates corresponding
to the two different internal states. We obtain that the
squared modulus of the overlap integral, |I|2, amounts
to ≈ 1 − 4× 10−5 and ≈ 1 − 3× 10−3 for F0 = 0.2 and
F0 = 2, respectively. Correspondingly, each coin pulse
has a probability equal to 1− |I|2 to excite some higher
band, limiting the number of coherent steps to about
1/|I|2.
To partially overcome this limitation, one can use a
state-dependent optical lattice, which allows the optical-
lattice potentials for the two internal states to be dis-
6placed by an amount equal in strength, but opposite in
direction to the differential displacement produced by the
Zeeman force. This countermeasure requires choosing
the quantization axis along the lattice direction and set-
ting the polarization of the two counterpropagating laser
beams forming the optical lattice potential in a lin-θ-lin
configuration [64], which can be readily realized using
static waveplates. With reference to the same exam-
ple of 87Rb atoms, the Zeeman differential displacement
is counteracted by choosing θ equal to 12◦ and 66◦ for
the two cases of the Zeeman force considered above, re-
spectively, resulting in a significantly reduced probability
. 10−5 to excite higher bands for both cases.
We conclude this section by discussing the require-
ments on the stability of the Zeeman force that are neces-
sary to prevent decoherence of the discrete-time quantum
walk. Our discussion focuses on the implementation of
the Zeeman force by a magnetic-field gradient; analogous
considerations may be derived for the implementation by
state-dependent optical potentials.
We assume that the magnetic field originates from the
superposition of a homogeneous field B0, typically of the
order of 1 G, which defines the quantization axis along
the direction of the optical lattice, and a quadrupole field
producing a magnetic-field gradient along the same di-
rection. With reference to the experimental parameters
considered in Sec. II C, a force F0 = 0.2 corresponds to a
field gradient B′ of about 10 G/cm for 87Rb atoms.
Fluctuations of the gradient strength B′ result in fluc-
tuations of the force F . These fluctuations cause detri-
mental variations of the step size, which effectively lead
to spin dephasing. In Appendix A 1 we estimate the
decoherence probability per step p. We find that it
is related to the relative stability of the field gradient,
p ≈ 〈δB′2〉/〈B′〉2. Probabilities as low as 10−5 should be
achievable with ordinary laboratory equipment.
Fluctuations of the quantizing magnetic field B0, as
well as of stray magnetic fields along the quantization
axis, cause stochastic fluctuations of the Zeeman phases
in Eq. (4), which lead to dephasing. In addition, fluc-
tuations of the zero-field position of the quadrupole field
also contribute to dephasing since their effect can be rep-
resented as an additional fluctuating magnetic field. We
estimate the effect of these fluctuations during shift oper-
ations in Appendix A 2. We find that suppression of stray
magnetic fields and highly stable current sources may
be needed to prevent decoherence. With state-of-the-
art magnetic-field suppression techniques [65, 66], our
estimates show that > 100 coherent quantum-walk steps
should be achievable. In Appendix A3, we also compute
the effect of magnetic field fluctuations on the coin opera-
tion. We find that decoherence during the coin operation
can be entirely neglected for short pulses.
Note also that slowly fluctuating magnetic fields (i.e.,
slow drifts) characterized by frequencies much smaller
than the inverse of the duration of a quantum walk (typ-
ically a few milliseconds) produce no measurable effect on
the local properties of a quantum walk on a line [7], be-
cause the resulting Zeeman phases, see Eq. (4), can be re-
moved by a suitable gauge transformation [27]. However,
this is not the case for quantum walks in quasimomentum
space, which take place on a ring geometry instead of a
line. In such a multiply connected lattice, even slow drifts
can affect coherences once the walker has wound around
the Brillouin zone since the twist phase ϕ, see Eq. (7),
can vary from one realization of the quantum walk to the
next. Very slow drifts on the time scale of several min-
utes, or even hours, can be suppressed by calibrating the
magnetic-field gradients, for example, by spectroscopic
measurements of the atomic hyperfine transitions [67].
III. LONG-WAVELENGTH LIMIT AND DIRAC
EQUATION
A remarkable characteristic of the proposed setup is
that it allows one to tune the lattice constant of the ef-
fective space of the walk by simply choosing the step
size ∆k. This can be exploited to simulate ‘relativistic’
continuous-time quantum walks, which are realized in the
limiting case when the Zeeman force and the coin pulses
act simultaneously. For sufficiently deep lattices, the dy-
namics is then described by the one-dimensional Dirac
equation,
HDirac ≈ F σz( i~∂k) + ~ΩRσx/2 , (9)
where ΩR is the Rabi frequency of the coin operation,
which in this case is constantly active. Moreover, by vary-
ing ∆k and the coin angle α one can study the transition
of discrete-time quantum walks to the long-wavelength
limit of the Dirac equation [68]. In the future, it will be
interesting to investigate the nonlinear dynamics of the
Dirac equation beyond the cases studied in quantum field
theory of the Thirring and Gross-Neveu model [69], by
including long-range interactions.
IV. WEAK NONLINEARITY
We study the effect of weak nonlinear interactions on
the quantum walk of a condensate in quasimomentum
space. In our simulations, we use similar parameters as
above in Sec. II C, i.e., dL = 532 nm, V0 = 10, and F0 =
0.2. Similar values were used as well, for instance, in the
experiments reported in Refs. [43, 44] employing 87Rb
atoms for which the value of the scattering length is ≈
5.3 nm.
For the small nonlinearities and a quasi-one-
dimensional tube geometry considered here, it is suffi-
cient to use a one-dimensional effective theory, which is
obtained by rescaling the nonlinear coupling constant as
demonstrated in the pioneering paper of Olshanii [70].
For simplicity, here we assume that the scattering lengths
a1 = a2 = a12 ≡ as are equal for all combinations of the
two internal states, which is a very good approximation
for 87Rb atoms. As we focus here on the weakly inter-
acting regime, this assumption will not affect our con-
clusions. Hence, the dynamics of the spinor condensate
7(a)
0
4
8
Pr
ob
ab
ilit
y d
en
sit
y
(b)
Quasimomentum ~ walker’s position (units of pR)
0
30
20
10
Pr
ob
ab
ilit
y d
en
sit
y
-0.8-1 1-0.6 -0.4 -0.2 0.2 0.4 0.6 0.80
FIG. 4. Quasimomentum distributions normalized to unity.
(a) Bose-Einstein condensate prepared initially in the ground
state of an optical lattice, i.e., at the minimum of the band
structure, where the black dotted line is computed without
interactions, whereas the blue solid and red dash-dotted lines
are obtained for repulsive and attractive nonlinearity, respec-
tively. (b) Quantum-walk distribution obtained after ten
steps for linear evolution, repulsive and attractive interactions
integrating Eq. (10). All parameters are given in the text.
can be described by the following time-dependent Gross-
Pitaevskii equation simplified to one dimension:
i~
∂
∂t
~ψ(x, t) =
[
− ~
2
2M
∂2
∂x2
+ V sin2
(
pix
dL
)
− Fxσz +
1
2
Mω2xx
2 + g1D
(
|ψ1(x, t)|2 + |ψ2(x, t)|2
)]
~ψ(x, t) , (10)
where we assume cylindrical symmetry as realized, e.g.,
in Ref. [71]. The nonlinearity parameter g1D = 2~asωrN
accounts for the interaction-induced nonlinearity, which
depends on the number of atoms N and on the fre-
quency ωr of the radial trap. This expression is valid
for ~/(Ma2s )  ωr  ωx. In our simulations, we chose
ωr = 2pi × 100 Hz, ωx = 2pi × 2.5 Hz. The harmonic con-
finement in both longitudinal and radial directions can be
maintained during the walk evolution without any notice-
able effect for a walk of j = 10 steps, which we consider
here. The Gross-Pitaevskii in Eq. (10) is numerically in-
tegrated using the finite-difference propagation method,
adapted to include a predictor-corrector estimator to re-
liably evaluate the nonlinear interaction term [72, 73]. In
the simulation, the coin tosses are assumed to be instan-
taneous or, at least, much faster than τ .
The results of the numerical simulations of a discrete-
time quantum walk with weak nonlinearities are pre-
sented in Fig. 4. The simulated quasimomentum distri-
bution shows that tens of steps of a quantum walk should
be well within the reach of present BEC experimental
apparatuses. These results are obtained for relatively
small nonlinearities, with aS = ±5.3 nm and about 100
atoms per tube for the positive and 10 atoms for the neg-
ative value of the scattering length, i.e., for repulsive and
attractive interactions, respectively; stronger nonlinear-
ities would require other integration methods suited for
strongly correlated quantum systems.
Indeed, our simulations show that the main effect of
weak nonlinearities is merely influencing the width of the
initial momentum distribution. Interestingly, the repul-
sive nonlinearity enhances the effective spatial resolution
of the quantum walk since the momentum peaks tend to
be narrower (as opposed to the distribution in real space,
which is broadened). As seen in Fig. 4, this effect can be
used to prepare narrower initial peaks and thereby to
host a higher number of sites in the Brillouin zone. In
contrast, even very weak attractive nonlinearities pro-
duce the opposite effect of decreasing the visibility of the
peaks by broadening them substantially. This is related
to the tendency to collapse in real space, resulting in an
instability of the condensate for attractive interactions
[73, 74].
V. CONCLUSIONS AND OUTLOOK
Our work shows that atoms can be frozen in real space
using a sufficiently deep optical lattice, and yet can per-
form a discrete-time quantum walk in reciprocal space.
A robust protocol to realize quantum walks in quasimo-
mentum space is provided, including estimates of param-
eters and the numerical simulations based on realistic
experimental conditions. Employing an optical lattice to
freeze the atoms’ motion in real space holds promise to
overcome present decoherence limitations of momentum-
space experiments with nontrapped particles, which suf-
fer from spatial separation of wave packets possessing
different momentum components [75].
The present work only focuses on a weakly interact-
ing BEC, which is described by a one-dimensional single-
mode mean-field approach. In this regime, we observe
that the different quasimomentum peaks remain well sep-
arated and their relative populations are unaffected by
interactions.
An interesting open question concerns the effect of
stronger atom-atom interactions. Contact interactions in
real space are expected to produce infinitely long-range
effects in quasimomentum space. This regime completely
differs from that of strongly correlated quantum walks in
real space [12, 17, 76]. In momentum space, the long-
range interactions may not just dephase the ideal walk
considered here, but might lead to novel topologically
ordered states and to other interesting mechanisms, for
example, to bias or to steer the evolution.
As suggested in Ref. [18], effective finite range interac-
tions may emerge as a result of quantum statistics (i.e.,
exchange interaction) even when the scattering lengths
are isotropic, as is the case of 87Rb atoms. Such a study
of interaction effects calls for a more complex theory al-
lowing one to capture strong correlations in the system,
8possibly including more degrees of freedom such as spin
mixtures.
In addition, we suggest the possibility to realize
discrete-time quantum walks with more than two internal
states. This could be achieved with the proposed setup
by exploiting a larger manyfold of Zeeman states, where
the state-dependent shift operation displaces the atoms
by a discrete number of sites that is proportional to the
Zeeman quantum number.
Appendix A: Decoherence analysis
In this appendix, we estimate the decoherence effects
produced by a fluctuating Zeeman force. We focus here
on the implementation of the Zeeman force by a magnetic
field gradient; however, similar results can be obtained
for the case in which the Zeeman force is implemented
by state-dependent optical potentials, see Sec. II C.
1. Fluctuating step size
Fluctuations of the Zeeman force F , here denoted by
δF , make the step size become a stochastic quantity,∫ τ
0
dt [F + δF (t)]/~ = ∆k + δk, (A1)
where δk is the fluctuating component characterized by
a zero mean value and by a variance
〈δk2〉 =
∫ ∞
ωc
dω pif(ω)SF (ω)τ/~2 . (A2)
In this expression, ωc is a low-frequency cut-off amount-
ing approximately to the inverse of the overall duration
of a quantum walk experiment (or, more generally, the
inverse of the time between two subsequent calibration
operations of the field gradient), SF (ω) is the noise spec-
tral density normalized such that
∫∞
ωc
dω SF (ω) = 〈δF 2〉 is
equal to the variance of δF , and f(ω) = τ sinc2(ωτ/2)/pi
is the window function normalized to unity,
∫∞
0
dω f(ω) =
1. The window function makes the step size insensitive
to force fluctuations δF occurring at frequencies much
higher than 1/τ , since these fluctuations produce a van-
ishing effect on average.
To estimate the decoherence effect of the fluctuating
step size, we assume that each quasimomentum peak of
the quantum walk in reciprocal space is characterized by
a Gaussian wave function with a width of σk ≡ 2pi/(βn),
where n is the number of sites in reciprocal space and
β > 1 is a small number denoting how well a single site
is resolved. Thus, the overlap between the wave function
shifted by δk in quasimomentum and the original wave
function is reduced to less than one, with its modulus
squared being equal to exp[−δk2/(4σ2k)] ≈ 1−δk2/(4σ2k).
This decoherence process can be effectively modeled as
spin dephasing, with a decoherence probability per step
equal to p ≈ 〈δk2〉/(4σ2k) +O[(〈δk2〉/σ2k)4] in the limit of
fluctuations with a small rms deviation.
For a magnetic-field gradient producing the force F ,
we expect that fluctuations of the force predominantly
occur at frequencies smaller than 1/τ , with τ being of
the order of 100 µs, see Sec. II C. We can thus replace
f(ω) in Eq. (A2) with its dc value, f(0) > f(ω), to
obtain an upper bound for the decoherence per step,
p . (β/2)2 〈δF 2〉/〈F 〉2 = (β/2)2〈δB′2〉/〈B′〉2, where B′
denotes the strength of the magnetic-field gradient. From
this result, we obtain that a decoherence probability per
step of p = 10−5 corresponds to relative fluctuations of
the field gradient of about
√〈δB′2〉/〈B′〉 ≈ 0.4 %. Be-
cause such a gradient stability can be achieved with or-
dinary laboratory equipment, it can be concluded that
decoherence by magnetic-field gradient fluctuations can
be neglected in experiments.
2. Decoherence during shift operations
At the location of atoms, a nonvanishing magnetic field
is present to define the quantization axis. During the
state-dependent shift operation, fluctuations of the mag-
netic field along the quantization axis result in the accu-
mulation of a stochastic relative phase between the two
internal states, which causes decoherence by spin dephas-
ing [7]. The overall relative phase, which is accumulated
in a shift operation, amounts to
−
∫ τ
0
dt 2F (t)x¯(t)/~ = φ¯+ δφ¯, (A3)
where φ¯ ≡ −2〈F x¯〉τ/~ is the Zeeman contribution to the
dynamical phase difference φD+(k)− φD−(k), see Eq. (4).
We assume that the magnetic field along the quanti-
zation axis takes the form of B(x) = (x − ξ)B′ + B0.
Such a field produces the Zeeman potential introduced
in Eq. (1), −(x − x¯)Fσz = (x − x¯)B′µBmF gF σz, with
x¯ = ξ−B0/B′+Ξ. Here, B0 is the strength of a homoge-
neous magnetic field, B′ is the strength of the magnetic
field gradient, ξ is the zero-field position of field gradi-
ent, Ξ is a constant determined by the frequency of the
rotating frame, µB is the Bohr magneton, and ±gFmF
is the product between the Landé factor and the mag-
netic quantum number for the two internal states. The
parameter Ξ is chosen such that x¯ lies close to the center
of the BEC to allow the coin pulses to act resonantly at
all sites over which the condensate extends, see Sec. IID.
The magnetic field gradient is generated by a
quadrupole magnetic field produced by, e.g., a pair of
anti Helmholtz coils or by a permanent quadrupole mag-
net. We assume that the zero-field position ξ of such
a quadrupole field lies, by construction, at some point
close to the center of the BEC. In reality this point is not
fixed, but can fluctuate with respect to the optical lattice
where the atoms are trapped. These fluctuations can be
accounted for by including them in δφ¯, as shown below.
The homogeneous magnetic field B0, which is used to
define the quantization axis, is generated by a pair of
9Helmholtz coils and is assumed to be of the order of
1 G, about two orders of magnitude higher than the field
strength B′ξ produced by the field gradient.
The accumulated relative phase δφ¯ is a stochastic
quantity with variance
〈δφ2〉 =
∫ ∞
ωc
dω pif(ω)SB′x¯(ω)τ (2µBmF gF /~)2 (A4)
where SB′x¯(ω) is the noise spectral density of B′x¯.
Such a spectral density is the sum of two contributions,
SB′x¯(ω) = SB0(ω) + SB′ξ(ω), with SB0(ω) originating
from fluctuations of the quantizing magnetic field B0,
with normalization
∫∞
ωc
dω SB0(ω) = 〈δB20〉, and SB′ξ(ω)
originating from fluctuations of B′ξ, with related normal-
ization.
Assuming a relative stability at around 10−5 for the
current sources generating the quantizing magnetic field,
we infer a rms deviation of the magnetic field at around√
〈δB20〉 ≈ 10−5〈B0〉 ≈ 10 µG. Note that, under typical
laboratory conditions, SB0(ω) also contains a contribu-
tion from fluctuating stray magnetic fields oriented along
the quantization axis, which can be as large as the contri-
bution from fluctuations of the current sources [66]. By
suppressing stray magnetic fields using a magnetic field
shielding and by generating the quantizing magnetic field
with permanent magnets, a coherence time of a Zeeman
qubit (without spin echo) of 300 ms has been reported
[66], which corresponds to
√
〈δB20〉 ≈ 0.1 µG.
Further, SB′ξ(ω) = B′2Sξ(ω) + ξ2SB′(ω) is the sum of
two contributions originating from fluctuations of ξ and
B′, respectively. Because the average field 〈B′ξ〉 is two
orders of magnitude smaller than 〈B0〉 (see above) we ob-
tain ξ2SB′(ω) ≈ 10−4SB0(ω) under the assumption that
the current sources generating the dipole and quadrupole
fields have the same relative stability.
Very low-frequency fluctuations (i.e., slow drifts) of
ξ can be suppressed by calibrating the magnetic field
gradient, for example, by means of spectroscopic mea-
surements of the atomic hyperfine transitions. Low fre-
quency fluctuations can be suppressed by actively sta-
bilizing [78] the position of the optical standing wave
producing the lattice with respect to the position of
the coils producing the field gradient; measurements [78]
show that the residual fluctuations of ξ have a rms
deviation
√〈δξ2〉 . 100 pm, where 〈δξ2〉 is experimen-
tally obtained by integrating Sξ(ω) over a 10-MHz band-
width. Hence, we expect that fluctuations of ξ result in
a rms deviation of B′
√〈δξ2〉 . 0.1 µG, where we assume
B′ = 10 G/cm, see Sec. IID.
Thus, if the noise spectrum SB0(ω) is concen-
trated at frequencies smaller than 1/τ , we obtain
an upper bound of the phase deviation, 〈δφ2〉 .
(2µBmF gF τ/~)2〈δ(B′x¯)2〉, by replacing f(ω) with its
dc value in Eq. (A4). Note that for even longer τ ex-
ceeding the correlation time of B′x¯, the window func-
tion f(ω) modifies the scaling behavior of 〈δφ2〉 from
〈δφ2〉∝ τ2 to 〈δφ2〉∝ τ . Coherences [7, 66] are suppressed
by a factor C = 〈exp(iδφ¯)〉, which can be computed
as exp(−〈δφ¯2〉/2) provided that the relative phase δφ¯ is
Gaussian distributed [which is the case when the noise
spectral power Sx¯(ω) is not concentrated in a few single-
frequency peaks]. Hence, we estimate that the number
of coherent steps is of the order of
~
2µBmF gF τ
√〈δ(B′x¯)2〉 ≈ 103 (A5)
based on the assumptions of
√〈δ(B′x¯)2〉 ≈ 1 µG and τ =
100 µs, see Sec. II C.
3. Decoherence during coin operations
Errors can also occur during the coin operation be-
cause of fluctuations of magnetic fields. To evaluate coin
errors, we have computed the evolution of the internal
state for a Hadamard pulse in the presence of a fluctu-
ating stray magnetic B field which is characterized by
a noise spectral density SB(ω). The calculation is car-
ried out analytically up to the second order in the ampli-
tude of the fluctuating magnetic field [i.e., first order in
SB(ω)]. By solving the evolution for an arbitrary initial
density matrix operator, we can determine the quantum
process matrix and the operator-sum representation of
the decohered coin operation in terms of the Kraus op-
erators. The details of the calculation will be reported
elsewhere. Here, we summarize the main result.
From the computed expression of the quantum process
matrix, we obtain the process fidelity [79],
F 2pro = 1− 2
(
µBmF gF
~ΩR
)2∫ ∞
ωC
dω SB(ω) g(ω/ΩR), with
g(r) =
1 + r2 − 2r sin(pir/2)
(1− r2)2 (A6)
where the r = ω/ΩR is the ratio between frequency of
the fluctuating magnetic field and the Rabi frequency
ΩR associated with the Hadamard operation. Note that
g(ω/ΩR), as a function of ω, has a width of about
ΩR, its maximum at zero frequency, and its integral∫∞
0
dr g(r) = pi2/4. The process fidelity is related to
the average fidelity F 2ave = (1 + dF 2pro)/(d + 1), where
d = 2 and the average takes place over all pure input
states. Moreover, the process fidelity measures the dis-
tance between the physical (decohered) process and the
ideal unitary transformation, providing us with an up-
per bound [79] on the probability of an error by the coin
operation, p = 1 − F 2pro. Assuming
√〈δB2〉 = 1µG, see
Sec. A 2, and ΩR = 2pi × 200 kHz, we obtain that the
error probability p . 10−10 is vanishingly small.
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